Solving the electronic structure problem on a universal-gate quantum computer within the variational quantum eigensolver (VQE) methodology requires constraining the search procedure to a subspace defined by relevant physical symmetries. Ignoring symmetries results in convergence to the lowest eigenstate of the Fock space for the second quantized electronic Hamiltonian. Moreover, this eigenstate can be symmetry broken due to limitations of the wavefunction ansatz. To address this VQE problem, we introduce and assess methods of exact and approximate projection operators to irreducible eigen-subspaces of available physical symmetries. Feasibility of symmetry projection operators in the VQE framework is discussed, and their efficiency is compared with symmetry constraint optimization procedures. Generally, projectors introduce higher numbers of terms for VQE measurement compared to the constraint approach. On the other hand, the projection formalism improves accuracy of the variational wavefunction ansatz without introducing additional unitary transformations, which is beneficial for reducing depths of quantum circuits.
I. INTRODUCTION
The variational quantum eigensolver (VQE) method [1] [2] [3] is one of the most practical approaches to the electronic structure problem on current and near future universal quantum computers. VQE implements variational minimization procedure of finding the lowest eigenstate engaging both quantum and classical computers. The quantum computer operates in terms of qubit operators and qubit wavefunctions; its role is to set up a trial qubit wavefunction and to measure its energy on a qubit Hamiltonian for obtaining the energy expectation value. To reformulate the system electronic Hamiltonian (Ĥ e ) in a qubit form (Ĥ q ), usually,Ĥ e is taken in the second quantized form and is transformed iso-spectrally using the fermionspin transformations such as Jordan-Wigner (JW) 4, 5 or more resource-efficient Bravyi-Kitaev (BK). [6] [7] [8] [9] [10] This setup leaves suggestions of new trial wavefunctions based on the collected expectation energy value from a previous trial wavefunction to a classical computer. Thus, the steps on classical and quantum computers are iterated until convergence of the energy. The VQE was successfully employed on several quantum computers and used for a few small molecules up to BeH 2 11 and H 2 O.
12,13
Note that even though the wavefunction optimization problem is not solved on a quantum computer, the main advantage of the hybrid VQE scheme is a compact representation of a unitary ansatz for the wavefunction. One of the standard unitary hierarchies of approximations for the wavefunction is the unitary coupled cluster (UCC) method. At any finite level of excitations starting from doubles, the number of terms in UCC equations grow exponentially with the size of the system on a classical computer, while the number of parameters for the VQE optimization grows only polynomially. It was found recently that even though the UCC hierarchy is generally more efficient than a regular coupled cluster hierarchy in capturing the electron correlation energy, it still breaks down for strongly correlated models.
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One of the issues related to the search procedure is that VQE starts from the full Fock space of the original fermionic problem and maps it iso-spectrally to the Hilbert space of N qubits. Thus, states of all possible number of electrons are present in the qubit Hilbert space. To optimize a particular electronic state with a fixed number of electrons or spin it is necessary to constrain the search process to a particular segment of the qubit Hilbert state.
2 Previously, symmetry constraints were introduced via penalty functions. 12 These penalties help to direct the variational search but they do not guarantee the optimal wavefunction to be of the correct symmetry, only its expectation values to coincide with the right quantum number while variances can be nonzero. Recently, solutions to this problem for some symmetries was proposed through introducing symmetry-preserving circuits. 15, 16 Interestingly, symmetries in VQE are not only necessities for accessing higher states in the Fock space but also means to improve the accuracy. Some simple symmetries (e.g. the parity of the electronic number) were used to mitigate errors originating from noise by measuring entangled ancilla qubits. 17, 18 Also, due to commutativity of some Hamiltonian terms with the electron number symmetry operator, errors in preparation or measurement of the wavefunction can be identified from the wavefunction read-out after measurement of these terms.
12
In this paper we would like to address the question whether introducing projector operators on Hamiltonian symmetries can be a better alternative to introducing constraints? General procedures of introducing both constraints and projectors are considered. A particular attention is dedicated to generating compact qubit forms for symmetry projectors, which was a problem discovered in earlier studies. 19, 20 This appears to be possible only for some symmetries while for others only approximate expressions are feasible. Complexity of the operator entering the VQE minimization process becomes important due to necessity of measurement of its components. Only single qubit measurements are available in the current architectures, this limits the elementary measurable operator parts to linear combinations of operators that commute with each other at a single qubit level.
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Apart from imposing physical symmetries to direct the VQE search process in the Fock space to a Hilbert subspace of interest, it was found recently that symmetry projectors allow for more efficient search for the wavefunction of strongly correlated systems on a classical computer. 22 In this context, devising symmetry projectors and employing them within the variational procedure (i.e. variation-after-projection type of methods) provides more efficient use of variational parameters in the wavefunction ansatz. One rationale for this can be that the wavefunction ansatz does not need to use variational parameters for maintaining the right symmetry but only to lower the energy. Thus, development of projection techniques in quantum computing can be an efficient approach to treatment of strongly correlated systems.
The rest of the paper is organized as follows. Section II presents theory of symmetry projection construction, compares different ways of using projectors and constraints in the VQE procedure, discusses approaches to building approximate projectors and their relations with constraints, and provides qubit space expressions for operators involved in the VQE optimization. In Sec. III we assess various symmetry projection and constraint techniques on a set of three molecular systems (H 2 , LiH, and H 2 O) within the qubit mean-field approach. Section IV concludes by providing summary and outlook.
II. THEORY A. Use of symmetry
Here we review basic elements of symmetry use in the eigenvalue problem. Most of the material can be found in various textbooks but to keep the paper self-contained we review it here with a special emphasis on treatment of multiple symmetry operators that do not generally commute with each other (i.e. non-abelian case).
For any Hamiltonian one can find a set of operators {Ô i } commuting with the Hamiltonian, [Ĥ,Ô i ] = 0. However, in general, these operators do not commute with each other [Ô i ,Ô j ] = 0. On the one hand, noncommutativity introduces a problem that there is no common set of eigenfunctions for all symmetry operators, but on the other hand, it allows us to generate additional operators that commute withĤ by forming all possible nontrivial commutators within the {Ô i } set. This process leads to an algebraic structure, where allÔ i operators in the augmented set satisfy the condition
here c (k) ij are some constants. Mathematically speaking, we have obtained a Lie algebra which consists of operators commuting with the Hamiltonian and thus are referred to as symmetries.
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In this general case, the eigenfunctions of the Hamiltonian correspond to particular irreducible eigen-subspaces of the symmetry operators which are not necessarily one dimensional as in the abelian case. Considering the structure of these irreducible eigen-subspaces is necessary to build proper constraints or projectors.
For the purpose of constructing projection operators on eigen-spaces of the symmetry operators {Ô i }, it is useful to separate two cases based on whether, in addition to the Lie algebraic structure, {Ô i } form a multiplicative groupÔ iÔj =Ô k (e.g. point group symmetries) or not (e.g. electron spin su(2) Lie algebra).
Existence of the group structure allows one to generate projectors on the group irreducible representations following the standard procedurê
where Γ is the irreducible representation of interest, d Γ is the dimension of Γ, and χ Γ (Ô k ) are characters for the group elements.Ô k are generally not unitary operators, but any finite group can be represented as a set of unitary operators. Therefore, we will considerÔ k 's forming a finite group as unitary. In absence of a group structure, the Lie algebra can be turned into a continuous Lie group using the standard exponential mapping. Then the same standard machinery as in finite groups can be extended to continuous compact groups to formulate projection operators. However, switching from the algebra to a group is not necessary to obtain the projectors onto irreducible representations of the algebra. Moreover, irreducible representations of the underlining Lie algebra are still necessary for constructing projectors onto irreducible representations of the group.
Standard techniques to build irreducible representation of simple and semisimple Lie algebras (e.g. su(2), the electron spin) are well described in various mathematical textbooks.
24, 25 We will not detail them here with the exception of only a few elements relevant to efficient construction of the projectors. In any semisimple Lie algebra one can select a maximal commuting sub-algebra (Cartan sub-algebra), this sub-algebra will form the maximal set of all mutually commuting operators that define good quantum numbers (weights). For the well-known su(2)-case, the usual choice of the Cartan sub-algebra is theŜ z operator. To further characterize the irreducible representations one can construct Casimir operators, the operators which commute with all elements of the algebra. By Schur's lemma this commutativity makes any Casimir operator to be equivalent to the identity multiplied by a constant for any irreducible representation. These constants are eigenvalues of Casimir operators on irreducible representations and along with the full set of quantum numbers fully characterize the basis of irreducible representations. In the su(2)-case,Ŝ 2 is the Casimir operator and its eigenvalue S(S + 1) along with that forŜ z , M = −S, ..., S, fully characterize the basis of all irreducible representations. For larger semisimple algebras, Racah 26 showed that it is always possible to construct enough Casimir operators such that their eigenvalues will fully specify the irreducible representations of the semisimple algebra of interest. Thus, to construct projectors on the basis states of irreducible representations it is enough to construct projectors on eigenstates of all operators of the Cartan sub-algebra and Casimir operators.
This consideration allows one to formulate a set of mutually commuting operators whose eigenvalues fully characterize irreducible eigen-subspaces of any semisimple Lie algebra. From the computational point of view, it is convenient to present projectors for each of the operators in the commuting setÔ i as an operator function P
j is the eigenvalue determining the eigen-subspace of interest. Then the total projector can be written aŝ
where the eigenvalues o (i) j should be chosen so that the projection is done on a particular irreducible subspace of the Lie algebra, Γ. All operatorsÔ i in Eq. (3) commute, and therefore, their projectors can be put in any order.
B. Construction of projectors for individual symmetry operators
For practical use of Eq. (3) we summarize a few approaches for constructing functional forms for individual symmetry projectorsP
, while more detailed discussion is provided in Ref. 27 . The majority of symmetry operators have discrete spectra, and the corresponding function F can be constructed from some differentiable representation of the Kronecker-delta function. To see this, let us present the projector aŝ
where |φ n . Here, we substituted the Kroneckerdelta function δ nj with a differentiable function
where ξ(x) can be any smooth function for intermediate values of x. Due to its differentiability, one can expand F in the Taylor series, and this expansion defines
There are multiple ways to define F (x, o (i) j ), 27 here we list the two most useful: 1) Integration over a unit circle:
Here, for any
j we obtain zero. Such selectivity comes with a price of introducing the integral.
2) The Lagrange interpolation product:
which is less restrictive since for x-values in between the eigenvalues the functional value is not fixed to zero or one. The Löwdin spin projector uses Eq. (8).
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Equation (8) is especially useful to build projectors for operators with finite number of eigenvalues. Interestingly, for such operators, projectors based on Eqs. (7) and (8) are the same. This is a consequence of the CayleyHamilton theorem 29 because there is only a finite number of linear independent powers for operators with finite spectra. Thus, any function of such an operator is equivalent to an M − 1 polynomial, where M is the number of eigenvalues.
Another interesting connection can be found between projectors based on Eq. (7) and generalization of the group projector in Eq. (2) to a continuous group. It is straightforward to see that g( 
can be interpreted both as the result from Eq. (7) and as the continuous group extension of Eq. (2).
C. Constraining the energy minimization
Two main approaches to impose symmetry constraints in the variational search are addition of penalty functions and projecting out irrelevant symmetries. We give a brief overview of different schemes within these two approaches. It will be assumed that some unitary parametrization is used for the wavefunction, |ψ(θ) , where θ is a set of parameters.
Adding penalty for deviation from correct average values requires minimization of the following functional
where {Ô i } are mutually commuting symmetry operators with their eigenvalues o (i) j defining a certain irreducible subspace. This approach has been implemented in constrained VQE (CVQE) and has the advantage of simplicity (only averages of the symmetry operators are needed). The shortcomings of CVQE is that the symmetry is satisfied only on average, and it is possible that variances of O i are non-zero.
Adding penalty for deviation from the correct averages and non-zero variances extends the Lagrange functional of Eq. (10) by adding penalties for variances
It is straightforward to show that the variance of the operator reaches its minimum (zero) only on its eigenstates (see appendix A). Thus, for the computational price of evaluating expectation values of squares of the symmetry operators we can impose the symmetry completely. Also, minimization in Eq. (11) is equivalent to modification of the Hamiltonian aŝ
in the regular variational procedure. One unpleasant feature of both constraint approaches is the presence of arbitrary parameter µ which is usually set to a large positive number. This arbitrariness does not affect results if the variational ansatz |ψ(θ) is flexible enough to satisfy the constraint exactly. However, if this condition is not satisfied, µ can significantly affect the final energy.
Another limitation for both approaches is that treatment of non-abelian group symmetries will require introducing the projector on irreducible subspace (Eq. (2)).
Introducing projectors to penalize undesired symmetry components addresses constraining the energy minimization for non-abelian groups. If the projector to an eigenstate of the right symmetry is available then we can modify the Hamiltonian to introduce the penalty for components of undesired symmetrŷ
Here we used the idempotency condition for the projector (P 2 Γ =P Γ ) so that non-negative operator (1 −P Γ ) 2 is reduced to (1−P Γ ). This approach is generally equivalent to imposing constraints on averages and variances, but has the advantage of addressing the non-abelian group symmetry cases. On the other hand, it can introduce more complex dependence on the symmetry operators from Eq. (3) forP Γ . Projecting out undesired symmetries introduces the functional that projects out undesired symmetry components from the wavefunction
where the second equality is a result of the projection operator's commutation withĤ, hermiticity, and idempotency. Note that the point of view that the projector modifies the wavefunction makes Eq. (15) significantly different from the approaches based on penalties. Indeed, having the projector in the denominator is an essential feature that differentiates this expression from other forms. To see this, let us consider an alternative, where a function commuting with the HamiltonianF is introduced only to the numerator
where in the last equality we definedF
Thus variational optimization of E F [|ψ(θ) ] is equivalent to the optimization of theĤ Γ Hamiltonian in Eq. (13).
D. Approximate projectors
As we will see further the exact projector expressions are not always feasible for an efficient implementation. Here we present two approaches for approximating projection operators.
Group theoretical approximation: Forming subgroups
To simplify general expressions for the group projection in Eq. (2) or in the analogous infinite summation over the cyclic group in Eq. (9), one can reduce the summation to that over a subgroup that permits an efficient implementation. For example, integration over an infinite cyclic group can be substituted by a summation over a finite cyclic subgroup. Note that for operators with spectra where ratios of spectral gaps for the eigenvalue with its neighbors form a finite set of rational numbers (e.g.,Ŝ 2 ,Ŝ z or the number of electrons operator,N ) one can form a finite cyclic subgroup {Û k }, with the generatorÛ = exp(2πiÔ i /(dM )), where dM is a scaling factor that makes all eigenvalues ofÔ i to be rational numbers. The characters of sought irreducible representations are χ Γ (Û k ) = exp(2πiΓk/(dM )), where Γ's are eigenvalues
j . The size of {Û k } can be regulated by choosing dM .
Appoximating the Kronecker-delta function
The exact projector was obtained using a form of continuous indicator function for the corresponding symmetry operator (Eq. (6)). To introduce approximations to projectors one can be less strict on how many eigenvalues will be zeroed by an approximate version of the continuous representations of the Kronecker-delta function
where ξ(x) is an arbitrary function maintaining smoothness, and S is an incomplete set of eigenvalues for the target symmetry operator that one would like to eliminate. This definition does not guarantee the idempotency when the Hermitian symmetry operatorÔ i is made an argument,
. Using this approximation in the variational approach results in
The wavefunction in this functional can be expanded in mutual eigenstates {φ k } ofĤ and symmetry operatorÔ i
where
f k is one for the target symmetry state, is zero for |φ k corresponding to symmetries from the elimination set S, and is greater than one for all other states. If the target state has the lowest energy among all states excluding those from the S set, the variational procedure will easily converge to the target state. Due to variational procedure, the only spurious symmetry components in |ψ after the optimization of Eq. (21) can be from the S set. Thus, |ψ can be further purified by application of theF operator. In practice, projectors satisfying these constraints can be constructed through Eq. (8)
n . To minimize the number of terms in Eq. (23) one can take zero number of terms for one of the sets (o
n ) and two for the other.
E. Operators in the qubit space
Here we summarize the Hamiltonian and all of its symmetry operators for molecules in the qubit space. For all operators, their fermionic second-quantized form, JWand BK-transformed qubit forms, exact and approximate projectors are discussed.
Hamiltonian
In order to formulate the electronic structure problem for a quantum computer that operates with qubits (twolevel systems), the electronic Hamiltonian needs to be transformed iso-spectrally to its qubit form. This is done in two steps. First, the second quantized form ofĤ e is obtained
whereâ † p (â p ) are fermionic creation (annihilation) operators, h pq and g pqrs are one-and two-electron integrals in a spin-orbital basis. 30 This step has polynomial complexity and is carried out on a classical computer. Then, using the JW 4,5 or more resource-efficient BK transformation, 6-10 the electronic Hamiltonian is converted isospectrally to a qubit form
where C I are numerical coefficients, andŴ I are Pauli "words", products of Pauli operators of different qubitŝ
is one of thex,ŷ,ẑ Pauli operators for the i th qubit. The number of qubits N is equal to the number of spinorbitals used in the second quantized form [Eq. (24) ]. Since every fermionic operator is substituted by a product of Pauli operators in both JW and BK transformations, the total number of Pauli words inĤ q scales as N 4 .
Electron number operator
The electron number operator has the following forms in various representationŝ
where N o is the number of orbitals (N o = N q ), F (k) is the flip set of qubit k, and F (k) = F (k) ∪ k, 7 whilê z F (k) stands forẑ's applied to all qubits in F (k). Let us consider the exponential form of the projector to the number of electronŝ 
This is a well known symmetry in the BK or parity transformations where the last qubit encodes information of the parity of number of electrons.
Electron spin operators
Using the second quantization expressions for S z and its BK and JW transformations one can writê
Nq/2 p=1ẑ pβ −ẑ pα (36)
Similarly for theŜ + component ofŜ 2 =Ŝ +Ŝ− +Ŝ 2 z +Ŝ z we can writê (40) whileŜ − =Ŝ † + in all forms. Equations (37), (39) and (40) assume the spin-orbital's ordering (α, β, α, β ...). If we use the exponential function to build projectors forŜ z andŜ 2 the same problems as in the case ofN will appear. Moreover, in theŜ 2 case, the exponent will contain non-commuting Pauli words, which complicates the final expression even further. On the other hand, projector built fromŜ z has limited use. It can be used to avoid singlet solution through projecting out S z = 0 but it cannot guarantee singlet solution through projecting out all S z = 0.
It is more natural to build approximations for projectors of these spin operators based on the Löwdin projection from Eq. (8)
This form contains potentially a large number of powers of theŜ 2 operator, which increases the computational cost ofP S . To build approximate functions similar to the discussed F in Eq. (21) we suggest to resort to products limited in S. The spin eigenvalues included in the product correspond to the S subset of Eq. (19) and their eigenstates are projected out exactly. It is assumed that eigenstates that are not projected out are higher in energy and the variational procedure will avoid them. To minimize powers ofŜ 2 one can approximateF 2 directly using a limited product with an additional requirement of non-negativity. Also, it can be assumed that the projection on even and odd number of electrons can always be done easily. For example, to construct an approximate non-negative singlet projector within the even number of electrons subspace that will project out triplet states one can useF
this projector also eliminates quintet states.
Point group symmetry operators
Assuming {Ô k } are elements of a finite point group G, their reducible matrix representations O (k) in a given set of symmetry adapted orbitals {φ 1 , φ 2 , . . . , φ No } have elements O (k) ij = φ i |Ô k |φ j and possess block diagonal forms. Dimensionalities of non-zero blocks are determined by dimensionalities of the corresponding irreducible representations (e.g., A, B, E, T, etc). All one-dimensional irreducible representations are given by O
is the character for the irreducible representation Γ of the i th orbital under action ofÔ k .
In second quantization, the unitary orbital transformation corresponding toÔ k iŝ
where κ ij are elements of anti-Hermitian block-diagonal matrix κ = − ln(O (k) ), andκ's dependence on k is kept implicit for notational simplicity.
For one-dimensional irreducible representations κ ii ∈ {0, iπ}. Hence, for the abelian groups, where all irreducible representations are one-dimensional, the second quantized orbital transformation operatorÔ k iŝ
This results in the following forms of the JW, parity, and BK representationŝ
where {φ i * } is a subset of the orbitals such that χ Γ(i
For a general case of a non-abelian group some orbitals can correspond to irreducible representations of non-unit dimensionality. Due to anti-hermiticity,κ can be recast aŝ
from which the qubit-space operator may be obtained by fermion-to-qubit mappings for the JW and parity representationŝ
whereσ i↔j (σ = x, y, z) denotes productsσ i+1 ...σ j−1 . The BK transformed expression has a similar structure but in its general form is more complicated to write.
Exponentiation of the off-diagonal elements gives a linear combination of Pauli words with an upper bound of 2 2d−1 terms per a d-dimensional block inκ. Individual blocks commute, thus the total complexity of implementingÔ k has upper bound
In practice, these estimates are too conservative because there are some cancellations that require knowledge of a particular algebra. We illustrate the full process of constructing the projectors for all irreducible representations of the C 3v group for a doubly degenerate E-type orbital basis in appendix B.
When constructing finite point group projectors, one can tailor the level of symmetry employed, depending on the subspace of interest. For example, given two irreducible representations Γ and Γ ′ of group G such that projection by P Γ and P Γ ′ yield two distinct subspaces, one may consider building the projectors in a proper subgroup H < G, under condition that Γ and Γ ′ remain distinct through the descent in symmetry H ← G. This has the practical advantage of reducing the number of unitary operations in P Γ and P Γ ′ since |H| < |G|. Furthermore, for high symmetry molecular systems such as those belonging to linear groups D ∞h and C ∞v , construction of the projectors in an overgroup F > G may further split the spectrum, such that G is a proper subgroup of the highest-order group the polyatomic system of interest belongs to (e.g. D ∞h or C ∞v ), under condition that irreducible representation Γ of group G may split to irreducible representations Γ ′ , Γ ′′ , . . . by ascent in symmetry G → F . Thus, the full set of available symmetry elements to the molecular system may be viewed as a practical resource in the context of point group projectors, for the extent of which we employ is available as choice.
Low-qubit-number symmetries
One of the difficulties in implementing projectors of regular symmetries (e.g., number of electrons and spin) stems from involvement of all qubits in their operators. Here, we suggest that in some cases, it is possible to obtain few-qubit operators that commute with the molecular Hamiltonian. Finding such symmetry operators can be done by considering zero commutator problem [Ĥ,Ô(α i )] = 0, where α i areÔ's parameters as a linear algebra problem in the space of Pauli words. For example, any single qubit operator can be parametrized as α 1x + α 2ŷ + α 3ẑ , its commutator equation with the Hamiltonian will have α 1 = α 2 = 0, α 3 = 1 solution for the last qubit in the BK transformed Hamiltonian. Similarly, one can do excessive search with two-qubit operators where the total number of parameters is 15 for each pair. Building a projector on eigen-subspaces of such few-qubit operators can be done using the exponentiation [Eq. (9)].
III. NUMERICAL RESULTS AND DISCUSSION
To assess developed projector expressions we apply them in evaluation of potential energy surfaces (PESs) for the H 2 and LiH molecules within the STO-3G basis and for the H 2 O molecule within the 6-31G basis. The PES for H 2 O was calculated along symmetric stretch distance R(O−H). To generate qubit Hamiltonians, the BK transformation was used for H 2 and H 2 O while the parity transformation was employed for LiH. For each system two qubits are stationary (2nd and 4th in H 2 , 3rd and 6th in LiH, and 4th and 8th in H 2 O).
31 Therefore, theẑ operators for these qubits were substituted with eigenvalues ±1 so that solutions of interest are within the reduced subspace. This reduction is equivalent to projecting to the even number of electrons using Eq. (34), and thus, theP e/o projector is not going to be used further.
We used qubit mean-field (QMF) 32 as the wavefunction ansatz for all calculation except to obtain exact energies, which were evaluated via full diagonalization of the qubit Hamiltonian. QMF is the simplest level of approximation that allows us to illustrate clearly how introduced constraints and projections can improve its deviation from the exact result. For the projector formalism, the energies are evaluated through Eqs. (15) and (21) for exact and approximate projectors respectively. Table I illustrates the increase in the number of Pauli words from introducing projector operators. To compare the projector formalism with its constraining alternative we provide results of constrained QMF (CQMF) calculations where both averages and variances of symmetry operators were constrained [Eq. (11)]. a) Number of electrons: The qubit reduction restricted the number of electrons in the three molecules to the following sets: (0, 2, 4) for H 2 , (0, 2, 4, 6) for LiH, and (0, 2, 4, 6, 8) for H 2 O, where we highlight in bold the neutral configurations. Based on these configurations it is clear that approximation for the electron number projector F 2 N as in Eq. (23) is only possible for LiH and H 2 O by projecting (4, 6) and (6, 8) subspaces respectively. For H 2 , the only electron number projector is the exact one,P N , which projects (0, 4) subspaces. Variation-afterprojection (VAP) withP N for H 2 recovers the ground state obtained through full diagonalization of the qubit Hamiltonian (Fig. 1) . Similarly for LiH,P N in VAP achieves significant energy lowering compared to the constrained counterpart. In addition, we found that using approximate projector F 2 N results in an identical curve to that ofP N (Fig. 2) . The "hump" on the CQMF (N = 2) curve is associated with the spin symmetry breaking between singlet and triplet configurations. For H 2 O,P N and F 2 N produce insignificant energy lowering for R ≤ 1.75Å, for larger bond distances QMF solutions switch to S 2 = 6 and exact and approximate projectors do not affect energy values (Fig. 3) .
For all three systems projectors result in no more than twice of the number of terms of the original Hamiltonian. Interestingly, due to some term cancellation, the approximate projector generated more terms than the exact one in its product with the H 2 O Hamiltonian (see Table I ).
b) Electron spin: After the qubit reduction, the H 2 Hamiltonian is in the singlet subspace and therefore does not require any spin projection, the LiH Hamiltonian has only singlet and triplet subspaces, and the H 2 O Hamiltonian contains singlet, triplet, and quintet subspaces. These restrictions make approximate singlet spin projections equal to the exact one for LiH and H 2 O. For both systems, the QMF state undergoes symmetry-breaking transition as internuclear distance increases. Using the singlet projectors, we obtain singlet neutral solutions for LiH and H 2 O of lower energies in comparison to CQMF (Figs. 2 and 4) . However, for H 2 O, the QMF quintet (S 2 = 6) solutions at R ≥ 1.85Å are closer to the exact ground state energy than the symmetry projected singlet solutions, which indicates need for correlation for further improvement of energy of the singlet state. The low energy of the quintet is not accidental because for this high spin configuration within the considered qubit space, QMF provides the exact answer.
c) Low-qubit-number symmetries: For LiH and H 2 O, operators involving a half of all qubits are found as the following linear combinationÔ =N + 2Ŝ z . Projectors targeting theÔ subspace corresponding to neutral closedshell (S z = 0) species were constructed. For LiH, the projector achieves significant energy lowering with respect to the QMF solution (Fig. 2) . In the H 2 O case, minor advantage of theÔ projector is present before symmetry breaking takes place in the QMF solution (Fig. 4) . As expected, projectors built from symmetry involving less qubits result in the least overhead of all symmetries considered (Table. I idea, introducing more than one projector (B 1 and S 2 ) lowers the VAP energy even more. 
IV. CONCLUSIONS
We have considered projectors to irreducible subspaces of symmetry operators as alternatives to symmetry constraints in the variational quantum eigensolver approach to the electronic structure problem. Generally, the projector formalism generates a larger number of terms to consider than the constraint approach and thus is computationally more expensive. In cases of continuous symmetries (e.g. number of electrons and electron spin) the exact projection can involve exponentially large number of terms and therefore is infeasible without introducing approximations. Two main approaches to generating such approximations have been discussed. A higher number of terms for the projection formalism can be intuitively understood considering that the number of terms appearing from the multiplication of the Hamiltonian with the symmetry projection is usually larger than that from the addition of the constraint to the Hamiltonian.
Unfortunately, projectors are not unitary operators and they cannot be simply introduced as quantum gates. Developing a unitary equivalent of the projection formalism would allow for significant reduction of computational cost because one of the main advantage of quantum computers is efficient representation of unitary operations.
The main advantage of using projectors is imposing symmetries without taking resources from the variational wavefunction ansatz. This helps to resolve the symmetry dilemma of variational ansatzes: either to lower the energy and break symmetry or to preserve the symmetry but with higher energy. In quantum computing, use of projectors can help to reduce the depth of the wavefunction generating circuits by shifting the computational burden on the measurement of larger number of terms appearing from projection. Additionally, the constraint and projection techniques are not mutually excluding and can be used together balancing the number of operator terms by placing some symmetries as constraints and others as projectors. 
